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This study was motivated by the possibility of re-use of 
buried cylindrical tanks, once a facility for fuel storage at 
motor vehicle service stations (now relinquished by oil 
companies), but remaining for use as thermal reservoirs 
connected to space heating systems (e.g. for convenience 
stores) in Japan.  The ground in which a tank is buried is 
assumed to be of uniform porosity and permeability, with 
a phreatic groundwater surface (water table) that may 
rise and fall, albeit slowly, over time.  The ground and 
the water are subject to heating and cooling according to 
the season and weather conditions.  Here, it is assumed 
that such changes are slow, and that conditions are quasi-
steady for the duration of the analysis.  The work is in 
progress; this paper outlines preliminary results only. 
 
NOMENCLATURE 
c specific heat [J kg–1 K–1] 
D thermal dispersion coefficient [m2 s–1] 
g gravitational constant [m s–2] 
k thermal conductivity [W m–1 K–1] 
K formation permeability [m2] 
p pressure [Pa] 
Q fluid flux per unit cylinder length [m2 s–1] 
R cylinder radius [m] 
T temperature [K or ˚C] 
u, v fluid (Darcy) velocity components [m s–1] 
  fluid (Darcy) velocity [m s–1] 
W complex velocity potential [m] 
x, y Cartesian coordinates [m] 
z  [m] where i = √(–1) 
 
Greek symbols 
φ  [m] 
ψ stream-function [m] 
ξ, η transformed coordinates [m] 
µ dynamic viscosity [kg m–1 s–1] 
ρ density [kg m–3] 
ε porosity [–] 
Subscripts 










 (hat) transformed variable 
 
INTRODUCTION 
This problem provides an opportunity to use some 
special mathematical techniques, namely conformal 
mappings within the framework of complex analysis, to 
solve the equations for fluid and heat flow in a porous 
medium.  The velocity potential and stream-function for 
2-D steady flow in a homogeneous medium are both 
harmonic functions, as is the temperature distribution in 
a uniformly-conducting material.  Since harmonic 
functions remain so during a conformal mapping, 
transformation into a region of simpler geometry allows 
a more straightforward solution procedure. 
 
The quantities to be found are the shape of the phreatic 
surface both upstream and downstream of the cylinder, 
the groundwater velocity distribution, the temperature 
distribution in both the unsaturated and the saturated 
regions, and the net heat transfer from or to the cylinder.  
In this first model, the cylinder is assumed to be long 
compared with its diameter, with a surface temperature 
that is uniformly constant.  The groundwater flows 
slowly in a direction perpendicular to the cylinder axis; 
fluid buoyancy effects are neglected.  The problem to be 
solved is then steady and two-dimensional.  Since the 
fluid is incompressible and Darcy's law is assumed to 
hold, both the velocity potential  and the stream 
function  are harmonic functions of Cartesian 
coordinates x (horizontal, downstream) and y (vertical, 
upwards).  The complex potential function  is 
then an analytic function  of the complex position 
 [where i = √(–1)], and complex variable 
theory can be brought to bear. 
 
The technique is to find a conformal mapping of the flow 
region into a rectangular region ( , 
say) where the transformed functions  and 
 remain harmonic.  The transformed problem is 
then simpler to solve, but requires the mappings 
,  to also be found; fortunately 
this is similarly straightforward, since  and 
 are also harmonic functions. 
 
Once the boundary conditions are mapped across from 
the  region to the  region, a subset of the 
harmonic problems are numerically solved, 
simultaneously and in an iterative fashion.  The 
temperature problems are then solved as a coupled 
system, with a conduction solution in the unsaturated 
zone and an advection-diffusion solution in the 
groundwater zone; the heat transfer can then be 
computed directly.   
 
Most previous investigations have been for fully-
immersed cylinders.  In this paper the formulation and 
use of the method are described for a partially-immersed 
body.  A variety of parameters are pertinent: cylinder 
diameter, burial depth and temperature; water table depth 
and temperature, surface (ambient) temperature; 
thermodynamic properties of the soil. 
 
Figure 1: Water is flowing from left to right below the 
phreatic surface which is marked by a dashed line. 
 
The lower layer (see example in Figure 1) is a 
groundwater-saturated porous medium with porosity ε, 
where the fluid (Darcy) velocity (specific volume flux) is 
steady, given by  [m3 s–1 m–2 =  
m s–1] in a Cartesian coordinate system  where 
the x-axis is aligned perpendicularly to the cylinder, 
whose axis is aligned in the z-direction; the y-axis is 
vertical (positive upwards).  It is assumed that there is a 
horizontal impermeable surface below the aquifer; this 
datum level is set at a depth H below the ground surface.  
The cylinder's axis is along the line .  
Far upstream and downstream, the flow is assumed to be 
uniform and perpendicular to the cylinder, with 
hydrostatic pressure.  Generally, where it is not in 
contact with the cylinder, the water table is at the level 
.  Here, it is assumed that the groundwater 
flow is very slow and that the water table is close to 
horizontal in the region near the cylinder, i.e. that  is 
nearly constant between some point upstream ( ) 
and some point downstream ( ).  The constant 
horizontal fluid volume flux rate per unit cylinder length 
above the impermeable base at y = 0 is Q [m3 s–1 m–1 = 
m2 s–1].  The saturated medium has mixture thermal 
conductivity kms (see further below). 
 
The cylinder, assumed to be very long, is of radius R, 
with its axis a depth D below the ground; it is maintained 
at temperature Tc.  It is assumed that the cylinder is 
completely buried, i.e. .  The cylinder 
[ ] is a stream-surface for any 
groundwater flow in contact with it.   
 
The fluid flow 
The fluid is incompressible.  Thermal expansion and 
buoyancy effects are neglected.  Within the saturated 
region, conservation of fluid mass is expressed by: 
 (1) 
The momentum equation for the water flow is Darcy's 
law: 
 (2) 
where K [m2] is the permeability of the formation, µ [kg 
m–1 s–1] is the fluid's viscosity and ρ [kg m–3] is its 
density, while g [m s–2] is the gravitational constant.  The 
fluid pressure  [Pa] is assumed be the 
atmospheric pressure pa throughout the unsaturated zone 
and, in particular, at the groundwater surface, i.e. 
. 
 
A velocity potential  [m] may be defined by: 
 (3) 
(the negative of what is usually termed the hydraulic or 
peizometric head).  Then, from (2): 
 (4) 
A (scaled, stream-) function  [m] may also be 
defined, such that: 
 (5) 
to satisfy (1) identically.  In terms of the velocity 




The first two boundary conditions reflect the parallel 
flows far from the cylinder.  The third reflects the 
impermeability of the lower bounding surface.  The last 
two are derived from the assumption that flow is 
tangential to the phreatic surface (where the pressure is 
atmospheric) and the cylinder, respectively. 
 
The fluid velocity may be determined from (4), the 
stream function from: 
, (7) 
since the datum value is designated as , and 
the total flux Q from 
 
although this is a constant so could be evaluated at any 
vertical cross-section of the flow.  If the stream-function 
at the water table is nominally given the (constant) value 
, then .  In 






The functions  satisfy the Cauchy-Riemann 
equations: 
, (9) 




Then the complex function (complex velocity potential) 
 is an analytic function of the complex 
variable , and the velocity components may be 
found from: 
. (11) 
It should also be noted that the "functions" x and y also 
satisfy the Cauchy-Riemann equations, so both are 
harmonic functions. 
 
The procedure is to find a conformal mapping 
 of a suitably-long section of the fluid 
flow region  into a rectangular 
region ( , say) where the transformed 
functions  and  are also harmonic.  The 
transformed problem is then simpler to solve, but 
requires the mapping ,  to be 
found; fortunately this is similarly straightforward, since 
 and  are also harmonic functions. 
 
The submerged section of the cylinder is mapped to the 
line .  Here  for a partially-
submerged cylinder.  If the cylinder is completely 
submerged, . 
 
The temperature and heat flux 
The temperature is denoted  [K]; the temperature 
of the cylinder surface is .  The temperature at the 
ground surface is Ta, while the water temperature far 
from the cylinder is T0.  In the lower fluid-saturated 
material, there is both steady advection and conduction: 
, 
where  [–] is the formation porosity, c [J kg–1 K–1] is 
the specific heat, and k [W m–1 K–1] is the thermal 
conductivity; the vector quantity  is the interstitial or 
pore velocity (the fluid particle velocity averaged over 
the pores).  The equation may be rewritten: 
, 
where the (constant) thermal diffusion/dispersion 
coefficient  [m2 s–1] is: 
. 
In the upper layer, outside the cylinder, there is 
conduction only: 
 
The mixture (subscript m) values for the unsaturated 
upper layer (subscript u) and the saturated lower layer 
(subscript s), are assumed to be, in terms of the 
component values, of the form: 
 




The last boundary condition reflects the continuity of 
heat flux normal to the phreatic interface. 
 
The steady-state problem outside the cylinder, is, with 




with the boundary conditions given above.  The 
temperature in the fluid region may be expressed in 
terms of the mapped coordinates as .  The 
transformed equation is: 
, 
The net heat flow per unit length of the cylinder out of 
the system boundary is  [W m–1], which may be 
calculated, in terms of the calculated values, from: 
 
Fluid flow 
As mentioned above, if the upstream and downstream 
water levels do not differ very much, then the phreatic 
surface is nearly horizontal, and the gradient of the 
velocity potential and the fluid velocity are small. 
 
If the cylinder is fully-immersed, in addition to the 
upstream and downstream surfaces at  and the 
lower surface at , the domain for solution is 
bounded above by an approximately horizontal surface at 
 and, within, by the surface of the cylinder.  If it is 
partially-immersed, the upper fluid boundary will consist 
of two (nearly) horizontal surfaces either side of the 
immersed section of the cylinder.  The lower and upper 
boundaries are stream-surfaces for the flow, with zero 
normal velocity component. 
 
The heat flow is conductive in the unsaturated upper 
layer.  To match the temperatures at the interface, the x-
values of the rectangular upper layer computational 
mesh-points match , where the  are the mesh 
points in the saturated layer, while the y-values are 
uniformly-spaced.  Three-point formulae for the 




Colder cylinder above water table 
Here, the cylinder, of radius 2 m, has its axis about 5 m 
below the ground level (see Figure 2); the phreatic 
surface has dropped below the cylinder, which does then 
not influence the groundwater flow.  The water and 
atmospheric temperature (i.e. ambient conditions) are 
both 30 ˚C.  The cylinder, at Tc = 20 ˚C, gains heat from 
the ground.  Figure 2(a) shows the orthogonal mesh in 
the physical plane.  Figure 2(b) shows a map of  
coordinate lines from the unsaturated region into the 
 plane; mapped points from the cylinder are 
marked with black stars. Figure 2(c) shows the isotherms 
for the temperature distribution.  The heat gain per unit 




Figure 2.  A buried cylinder lying above the water table, 
gaining heat from its warmer surroundings. 
Top: (a) Orthogonal mesh in  plane corresponding 
to the uniform calculation mesh in the  plane. 
Middle: (b) Map of the upper (unsaturated) region into 
the  plane.  Lines correspond to constant x and y.  
The mapped points on the cylinder are marked *. 
Bottom: (c) Isotherms for the temperature distribution. 




Figure 3.  Orthogonal mesh, and isotherms for the 
temperature distribution, when a buried cylinder is losing 
heat from its surface while fully immersed in a 
groundwater flow in a phreatic aquifer. 
Hotter cylinder below water table 
Here, the cylinder, of radius 2 m, is fully immersed in the 
groundwater (see Figure 3) and influences the fluid flow.  
The ambient temperatures are as in the case above, but 
now the cylinder temperature is 40 ˚C, warmer than the 
upstream water.  The heat loss per unit cylinder length is 
calculated to be about 29.6 W m–1. 
 
Hotter cylinder partially immersed 
In this case, the cylinder is partially immersed in the 
groundwater (see Figure 4 = Figure 1) and so influences 
the fluid flow.  Temperatures are as for the case above  
( , cylinder temperature ). 
 
 
Figure 4.  Isotherms for the temperature distribution 
when a buried cylinder is losing heat from its surface 
while partially immersed in a groundwater flow. 
 
The heat loss per unit cylinder length is calculated to be 
18.2 W m–1, less than the case when the cylinder is fully-
immersed.  This is because the heat loss from the upper 
part of the cylinder is conductive only.  The advective 
heat transfer adds significantly to the removal of energy 
from the cylinder. 
 
In all cases the fluid flow rate per unit cylinder length is 
the same.  Some formation and fluid parameters used are 
listed in the Appendix.  The matrix properties are 




An exploration of using complex analysis techniques for 
conformal mapping has been carried out for fluid and 
heat flows in a groundwater aquifer in which a circular 
cylinder is buried.  The cylinder may be fully- or 
partially-immersed in the water, or above the water table.  
While the cross-section of the cylinder is circular in the 
cases considered, it is surmised that any cylinder with a 
convex cross-section could be analysed in the same way. 
 
Because there are so many parameters to consider, a full 
analysis of all the options is not feasible here.  This 
report is of a preliminary study only, and there is much 
cross-checking to be done with results produced by 
previous authors.  Kimura (1988) produced results for a 
forced convection about a fully-immersed elliptic 
cylinder, with estimates of heat transfer providing 
relationships between Peclet number and Nusselt 
number.  Al-Sumaily et al. (2012) provide a more recent 
analysis of unsteady flow past a circular cylinder, and 
explore a wide range of parameters associated with the 
porous structure and heat transfer characteristics. 
 
The modelling of a partially-immersed cylinder appears 
not to have been made before.  It also appears that the 
use of conformal mapping has not hitherto been applied 
to such problems. 
 
Unfortunately, the conformal mapping technique is very 
restricted in three-dimensions, so it is unlikely to be able 
to be applied to general 3-D immersed objects.  The 
current techniques therefore may only apply when the 
length of the cylinder is large compared to depth and 
diameter, but non-circular cylinders should be amenable 
to such modelling techniques. 
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Appendix: Formation and fluid –examples of thermodynamic and mechanical properties 
 





notation ρ c k ε D K 
SI unit [kg m–3] [kJ kg
–1 K–
1] [W m
–1 K–1] [–] [m2 s–1] [m2] 
soil 2040 1.84 0.59 0.1 0.16×10–6 10–12 
air 1.18 1.00 0.02624    
water 1000 4.18 0.611    
 
 
